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We investigate large-time asymptotics of certain Wiener integrals over the space 
of closed paths with a fixed homology class in a closed manifold. The basic strategy 
is to employ a trace formula and perturbation theory for the first eigenvalues of 
SchrBdinger operators. We also establish a remarkable property of the integrated 
density of states associated with the homology universal covering map. 6 1992 
Academic Press. Inc 
Let M be a compact Riemannian manifold without boundary, and 52 the 
set of continuous closed paths in M. The Brownian motions on M yield a 
family of measures {P~}~,~ on Q which are characterized by 
= s ~(~(T,-~,);x,,x,)...~(t(T,-T,-,);x,-,,x,) Mx xM 
xk(t(1 +zl-tN);xN,xl)f(x,, . . . . x,)dx,...dx,, 
where f~C’(A4x ... xM), Odz,< . . . <z,<l, and k(t;x,y) denotes 
the heat kernel on 44. 
Consider the Schrodinger operator -A, + q with a smooth potential q 
on M. and let 
be the eigenvalues of -AM + q. It should be noted that the first eigenvalue 
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I, is simple and possesses a positive-valued eigenfunction. The Feynman- 
Kac formula leads us to the equality 
Lexp(4 q(‘(‘)) dTdPt(c)= 5 ) i=oex P(-nif), 
which is asymptotically equal to exp( -A, t) as t goes to infinity. 
Given an integral homology class LX E Z-Z,(M, Z), we denote by 0, the set 
of closed paths whose homology class is c(. Our primary concern in this 
paper is an asymptotic evaluation of the integral 
W&)=[ 
R. 
exp (--t ji dc(T)l) MC). 
For simplicity, we write H1 for H,(M, Z) and 6, = rank H, (the first Betti 
number). The main result is 
THEOREM 1. There exist polynoimals ci, i 3 0, on H,(M, Iw) of degree 2i 
such that, for a E H,, 
W,(t)-exp(-&t) t-bi’Z(c,(a)+c,(cr)t-1+c,(cl)t-2+ . ..) 
as t T co. Here c,, = co(a) is positive. 
Remark. It is known that as t JO, 
W,(t) - (47ct) -n/2 vol(M) 
W,(t) = O(ew( -12,Pt)h 
where l, dentoes the minimum length of closed paths in 0,. 
1 
To prove Theorem 1, we consider the twisted Schrodinger operator 
H,= -A,+q 
associated with a unitary character x of H,. Let 
be the eigenvalues of H,. We easily see that H, and Hj have the same 
eigenvalues. In particular, A,(x) = A,(j). 
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e,(t) = f expt -&tx)t). 
,=O 
Applying the trace formula (see [ 1,6, 9, 14, 16]), we have 
e,w= c x(a) w,(t). 
tiEH, 
(1) 
Thus we find 
w,(t) = J^ xt -aI e,(t) dx, (2) HI 
where dx denotes the normalized density on the character group A,. 
Remark. Note that, when x = II, the trivial character, (1) reduces to the 
obvious identity 
J/=p( -lJ,,' ) ~ q(c(r)) dt ddc) = 1watt). 
From (2) it follows that 
and that, if IV,(t) = We(t) for some t > 0, then a = 0. It is also easily shown 
from (1) that 
and that, if the equality holds for some t > 0, then x = II. This inequality is 
closely related to the one established by B. Simon 17, S]. 
The following lemma is a special case of the results in [4, 11). 
LEMMA 1. A,(x) 3 A, and the equality holds $ and only if x = 4. 
By a standard perturbation theory applied to the simple eigenvalue Lo, 
we conclude 
LEMMA 2. There exists a neighborhood U of 1 such that A,(x) is simple 
and depends analytically on 1 E U. 
We observe that n,(x) has a positive definite Hessian at x = Q. In the case 
that q E 0, we refer to [2] for the proof (see also [3, lo]). We shall give 
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a proof for the general case. For this, we identify the first cohomology 
group H’(M, R) with the tangent space T,fi, via the map of the space of 
closed l-forms on M into I?, given by 
For x = xw, the operator H, is unitarily equivalent o the operator [ 10, 151 
-A,-4ni(o,d. )+47? Iw12+q. 
We fix a positive-valued solution cp of 
We may find a one parameter smooth family (qpt} --E <, ( E of complex 
valued functions on A4 such that 
(P0=4h 
-~,cp,-47w~, &t) +47r2t2 b4* ‘Pt+4’Pr=~ohJ(Pt. 
We then have, by differentiating both sides, 
-A,~o-4ni(o,d~o)+q~o=;10~0 (3) 
-A,&-Sni(o,d~,)+8~~~ ~o~2cpo+q~o=Jz’o(0)cpo+lo~o. (4) 
Multiplying cp to both sides of (4) and integrating over M, we find 
x,(O)j- 
M 
(p2=87r2j 
M 
Iw/*rp*-8sxijM (o,dcjo)(p. 
By using the Hodge-Kodaira theory, we identify H ‘(AI, R) with the spaces 
W;(M)= (o;do=6((~0)=0}. 
We then find, for w E W b(M), 
x,(O) jMcp* =87~~ I, bl* cp*, 
so that 
Wess,=4 ~o(x))(wy 0) = 8n2 jM Id* v2/fM v*, 
from which the positivity of the Hessian follows. 
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Remark. If we identify H’(M, R) with the space of harmonic l-forms, 
W’(M)= {0;d0=&0=0}, 
then, for WE W’(M), we find, in view of (3), that 
(-.4,+q-I,)&J=47ci(w,d~). 
Noting that 
j ~w,d~).rp=~j~(w.d~2)=~j~(6W,(P2)=0, 
M 
we have a unique solution CD of the equation 
(-d,+q-Ad@= (w&h 
which we denote by (-d,,,+q-Lo)-’ (o,dq). Then 
g,=acp+4ni(-d,+q-1,)~’ (o,dqD) 
for some aeC, so that 
&(O)j (p2=8n2j 
M M 
~~~~(~~+8,ij~<w,d~)&i 
= 87c2 j~I~~~~~-32~~j~(~,d~)(-d+q-~u)~‘(w,d~) 
and 
M/u12q2-32~2 jM (u,dp)(--d+q-&-’ Co,&) i$~p’- 
We define a Euclidean norm 11. I(on H’(M, R) by 
11412 =#-Iess,=l &(x))(w w). 
The function w + A,&,) is even, so that we may find a local coordinate 
x = x(o) around the origin of H’(M, W) such that x( -0) = -x(o) and 
Mx,) = A3 + llxl12. 
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We write 
The second term is O(exp( -(A, + E) t)) for some E > 0. As for the first term, 
we observe 
s ux(-a)~,(l)&=j X(-a)exp(-1,(X)I)dX+O(exp(-(1.,+&)t)) 
with some s>O, and 
=exp(-l,r)(v~l(A,)))‘ j~exp(-2ni(ru(x), a)) 
x exp( - llxl12 t) J(x) dx, 
where vol(fi,) is the volume of fi, with respect to the Euclidean metric 
11 11, J(x) denotes the Jacobian for the coordinate transformation x = x(o), 
and 
It should be noted that J(0) = 1 and J( -x) = J(x). We find 
s exp( -2rci(w(x), a)) exp( - llxl12 t) J(x) dx u 
= t-h/2 s J; u ev( -2~i(w(xjfi), a)) 
xJ(xlfi) ev(- Il4l’) dx. 
We shall use the Taylor expansion: For an arbitrary positive integer N, 
one has 
ev( - 2~i(4x/fi), a >I JWfi) 
= 1 + a,(~, a)l-1’2 + a,(x, a)t-’ 
+ . . . + a2N(~, a)t-* + .&(a, xl&), 
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where 
f*da, z) = 4 II4 2N)> 
and a,(~, a) is a polynomial in tl and x with 
a;( -x, a) = (- l)‘a,(x, c1). 
We then have 
s J;u exp( - 2~i(w(x/,b), a >) 4x/&) exp( - Il.4 ‘1 dx 
= s Rbl (1 +a,(x, a)?-“*+u2(x,a)t- + ... +u*~(x, a)tCN) 
xexp(-ll~l12)d~+~~u fiN(a, xlfi) ev( - 11x11*) dx + O(e--E’) 
where 
ai(a) = lRb, a2i(X, Co exp( - Ilxll’) dx. 
Since u,(a) is a polynomial in a of degree i, this completes the proof of 
Theorem 1. 
2 
Consider all the finite-fold ubeliun coverings rci: Mi + M, and let qi be 
the lift of q to Mj. We set 
q,(A) = # {eigenvalues of -A,, + qi less than A}. 
The integrated density of states is defined as the limit 
vol(M) 
q(l) = lim - 
i VOl(M,) “(‘) 
after the classical case that M= R”/Z” (cf. M. A. Shubin [S]). It is known 
[16] that q(1) is the von Neumann trace of the spectral projection of 
-An + 4 on the homology universal ( = maximal abelian) covering space 
& of M, and that 
s ec’“dcp(l) = WJt). 
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THEOREM 2. There exists an analytic function f defined around the origin 
of Iw such that f (0) > 0 and 
q(A) = (2 - &)b”2 f(n - 2,) 
for ;1> Lo. 
Proof We have the equalities 
where q,(A) = # {eigenvalues of H, less than A}. This implies 
Recalling the fact that A,(x) is simple in a small neighborhood of II, we 
observe that, when 12 1, and A- 2, is small enough, cp,(;l) = 1 for x with 
A,(x) < A, and cp,(lz) = 0 otherwise. Hence we have 
&I) = VOl(X E A, ; A,(x) < A}. 
Since A&,) is an even analytic function of w, and the Hessian of A,(x) at 
x = II is positive definite, the assertion follows easily. 
Concluding Remarks and Open Problems 
(1) By a minor modification of the above arguments, we may derive 
similar results for arbitrary abelian coverings. 
(2) It is interesting to ask if one can establish asymptotic expressions 
for the integrals over the space of closed curves with a fixed free-homotopy 
class. 
(3) For the infinite-fold universal covering fi + h4, the bottom 
A,, = A,( -Aa + 4) lies in the continuous spectrum [16]; that is, the 
integrated density of states in this case satisfies cp(l) + 0 as 11 Jo. We con- 
jecture that there exist positive constants c and C such that 
cp(l) Iv C(A - w 
as A 11, (cf. [12, 13, 171). 
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